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1. Introduction 

In this note we investigate spacetimes classically interpolating between a region that has a 
positive cosmological constant and a region with a negative cosmological constant. We find a 
no go theorem when the matter fields present respect the weak energy condition. Nevertheless, 
we demonstrate the existence of gravitational solutions generated by matter fields violating 
the energy conditions in a finite region of the spacetime. Such solutions might, for example, 
be present in the Type II* supergravity theories discussed in refs. [[[], §]• 

The paper is organized as follows: In section || we describe the ansatz used for spacetimes 
with two asymptotic regions: one including a de Sitter (dS) boundary and the other with an 
anti-de Sitter (AdS) boundary. Then in section ^ we characterize the dynamics associated 
with these gravitational backgrounds using the Einstein equations. We derive a no go theorem 
when the matter fields coupled to gravity violate the energy conditions. We close this section 
by showing that there exists solutions when the weak energy condition is relaxed and address 
how our results apply to asymptotically dS and asymptotically AdS spacetimes. We conclude 
the presentation by discussing how combining ideas from the dS/CFTQ [|, ||, |6| and the 
AdS/CFT0 dualities could have been interesting in the context of spacetimes with both a 
dS and an AdS boundary. 
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2. Spacetimes with dS and AdS asymptotia 



Our starting point is a general metric ansatz compatible with a spacetime dynamically evolv- 
ing between two regions with cosmological constants of different absolute value and sign, 

ds 2 = -h(r)dt 2 + j^dr 2 + a 2 (r) V dx a dx a , (2.1) 



h(r) 



where a = 1, ... , (d — 2) and d is the total number of dimensions. The coordinates x^ = 
(t, r, x a ) all have the same range, i.e., —oo < x^ < +oo. To be more precise, we are searching 
for spacetimes with two different asymptotic regions: (1) one has a de Sitter (dS) boundary, 
i.e., I + or I~ (see ref. M for details), (2) the other includes a boundary found in pure 
anti-de Sitter (AdS) space (see ref. Q). It is important at this point to stress that we 
restrict ourselves to a family of solutions with these characteristics. For example, this subset 
does not include all spacetimes with both a region associated with a positive and a negative 
cosmological constant. These do not necessarily include dS and/or AdS boundaries. 

The convention we use is that the coordinate r is timelike (spacelike) in the asymptotically 
dS (AdS) region. We choose the boundary condition 

lim ds 2 = ^rdt 2 - ^§-dr 2 + ^dx 2 , (2.2) 

r ^-°° lis r 2 li s 

which corresponds to a spacetime with positive cosmological constant, 

A^<tf^) ( , 3) 

In particular, by using the change of variables 

r = e r'/l A ds_ e -r'/l dS} (2.4) 

the asymptotic expression ( |2.2| ) takes the form 

_ dr ' 2 + e~ 2r '^ [dt 2 + dx 2 ] , (2.5) 

which corresponds to dS space in inflationary coordinates, where the flat slices experience an 
exponential expansion. In this case the region associated with the limit r — > — oo corresponds 
to the spacelike boundary I~. For r — > +oo, we impose the boundary condition 

lim ds 2 = -^-dt 2 + %fdr 2 + ^d^ 2 , (2.6) 

r ^+°° lids r 2 l z AiS 

which is the metric of a spacetime with a negative cosmological constant, 



A _ . JtzWz*. ( , 7) 



L AdS 
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Using the change of coordinates ( [2.4D brings expression (|2.6|) to the form 

dr '2 + e 2r>/l AdS [_ dt 2 + dx 2] ^ (2 g) 

which corresponds to the Poincare patch of AdS space with the boundary located at r = +00. 
In summary, the boundary conditions we impose on the metric ansatz (2T) are 

r 2 

lim a 2 (r) = -= , lim h(r) = ±a 2 (r). (2.9) 

r^ioo lf A)dS r^±oo 

The results we present below are unaffected if we consider the cases r — > —r corresponding 
to the dS boundary being located in the r > region and the AdS boundary in the r < 
region. 



3. Dynamics of the evolution 



In section |2] we presented the boundary conditions associated with a metric ansatz that has 
two asymptotic regions: one which is time dependent and the other which is static. In this 
section we present the details related to the dynamics of such an evolution. 

We begin by considering d-dimensional models of Einstein gravity coupled to a real scalar 
field, 



S 



1 



d A xyf^ [R-(d- l)(d - 2)gT d^dA - (d - l)(d - 2)V{<f>)\ 



(3.1) 



where V(4>) is a potential function for the scalar field. We have normalized the scalar field 
terms in an unconventional manner to simplify the equations of motion in the following 
analysis. We use the convention 8ttG n = 1 in what follows. Figure || illustrates a typical 
potential that could lead to spacetimes that are asymptotically dS and AdS. The equations 
of motion derived from varying eq. (|3.1|) are 



R 



-iWl 



where Tn V is the stress-energy tensor associated with the scalar field, 



(d-l)(d-2) 



(3.2) 



(3.3) 



Considering solutions of the form eq. (|2.1| ) with 
ponents of the Einstein equations (|3.2| ) are 



4>(r), we find that the non-trivial com- 

(d-i)(d-2) r 



-h 



V 
J 



(3.4) 
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(ft): 



+ 



(d-2)(d-5) 



+ 



2, a 
— h 



2" 



(3.5) 



id- l)(d-2) 



ft 



2' 2" 
ft + ft— 5- 



, (d-3)(d-6) ft fa 2 ^ 



8 



(3.6) 



(d-l)(d-2) 



where a 'prime' denotes a derivative with respect to r. The equation of motion for the scalar 
field, 



+ 



, (hf_ d-2 a 2 '\ _ J_dV 
{ J + 2 I ~ Zh~dd> 



0, 



(3.7) 



is automatically satisfied when the Einstein equations are. Later on we will be interested 
in using a version of eqs. (fTj), (|3.5| ) and ( p^q ) where the scalar field is replaced by a more 
general matter content. This is simply accomplished by respectively replacing the RHS of 
these equations by T£, T\ and T® a . It is also useful to note that only two of these three 
equations of motion are independent. 

Our strategy consists in using the Einstein equa- 
tions in order to verify whether or not there exist con- 
sistent solutions with boundary conditions of the form 
( |2.9|) . Using a technique introduced in ref. || , we sub- 
stract equations (p^q) and (|3.6|) which leads to 



U' - ft- 



This equation can be written like 

ft^' 



0. 



(3.8) 





-0.5 V 


/ 


0.5 A 
—0.5 ^ — ' 



= 0, 

which has a solution of the form 

h(r) = a 2 (r) ( k\ 



Figure 1: A typical scalar field poten- 
^3 tial, V(<f>), for a transition from dS to 



AdS space. 



dr' 
«FF 



+ h 



(3.10) 



where k\ and k% are constants of integration. Imposing the dS/AdS boundary conditions 
( |2.9D we obtain 

/■', -2(/ -44r I ■ (3.11) 



a(r') d 
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k * = ^ ( / ~7ZKd ~ I ) • (3-12) 



h f f° dr' f°° dr' 

We note that the case when the absolute value of the cosmological constant is the same close 
to both boundaries (l dS = l A ds) corresponds to a(r) = ±a(— r). For example, this implies 



&2 = when the number of dimensions d is even. Finally, by subtracting eqs. (3.4) and (3.5) 
we get 

- = -(d-l)(0') 2 - (3-13) 
a 

In the appendix we describe in more details the properties of a real scalar field in a gravita- 
tional background of the form (|2.1|). 

Let us now write down eq. (|3.13[) for general matter fields, 

II rpt _ rpr 

— = i* ±. (3.14) 

a (d-2)h K ' 

In the region containing the boundary of AdS (r > 0) we have h(r) > 0. The variable t 
is then the timelike coordinate and Tf — T£ can be written like — (p + p r ) where p and p r 
are respectively the energy density and the principal pressure along the coordinate r. In the 
region of space with a dS boundary we have h(r) < and r is a timelike coordinate. This 
means that the combination Tf — T£ is (p + pt) where pt is the principal pressure along the 
spacelike coordinate t. The weakest of the gravitational energy conditions states (without 
proof) that a 'reasonable' gravitating system must be such that T^ u n fl n u > where is a 
null vector. In our case this means that any region of the spacetime should have p + p > 
where p stands for all principal pressures taken individually. The weak energy condition 
therefore requires that solutions associated with a 'reasonable' system have the property 

- = -£±f < 0, (3.15) 
a d — 2 

which restricts considerably the number of possible candidate solutions for dS/AdS space- 
times. 

4. No go theorem for dS/AdS spacetimes 

In order to be acceptable, an asymptotically dS and AdS (dS/AdS) solution must have the 
following three properties: (1) its boundary conditions must be those specified in eq. ( |2.9| ), (2) 
the weak energy condition (equivalent to requiring a" /a < everywhere) must be satisfied, 
and, (3) it must not develop curvature singularities. We address these issues in turn. 

4.1 Boundary behavior and weak energy condition 

There are four possible boundary conditions for dS/AdS solutions. The first two possibilities 
correspond to 

r r 
lim a(r) = +- and lim a(r) = +- — , (4-1) 

l AdS r->-oo l ds 
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or, 



lim o(r) 
r— >+oo 



and lim a(r) 



(4.2) 



I'AdS ' ^ tdS 

these cases correspond to a(r) = — a(— r). Figures [| and || show functions 
with the boundary behavior (4.1). Functions such as the one represented in figure ^ are not 



If L 



I 



solutions to the equation of motion ( 3.15 ) since they have a" /a > 0. Functions of the type 
shown on figure ||| are such that a" < for r > and a" > for r < which means they 
are acceptable candidate solutions. It is important to note that functions with the boundary 

I) always have at least one zero. 



conditions (4J) and 

The remaining two boundary behaviors that can 
be considered are 

r . , , r 

a(r 



lim 



+ 



and 



AdS 



lim a(r) 

'— » — oo 



or 



lim 



a(r) 



and 



AdS 



lim a(r) 

■— ►— oo 



l dS 

(4.3) 



r 

l dS 

(4.4) 



This corresponds to a(r) = a(—r) if we set l dS = 
I A<is- Figure ||] shows a function with such boundary 
conditions. These functions always have at least one 
minimum which implies that a" /a > at least in a 



a(r) 

l- 




-4 ^^-^T) 
/ -1- 

/ " 2 " 


2 r 4 



small region. This in turn means that eq. ( 3.15 ) is 
not satisfied. Consequently, because they violate the 



Figure 2: Example of a function a(r) 
with the boundary conditions a(r — > 
±oo) = r/ltA)ds where we have set 
l(A)dS — 1- This curve has a" > for 
r > and a" < for r < 0. 



weak energy condition, solutions behaving like ( f4.3|) and (4.4) are rejected. 



4.2 Curvature singularities 

We have found that there exists solutions a(r) with the boundary conditions ( |2.9| ) that are 
not violating the energy conditions. The function a(r) then has an asymptotic behavior given 
either by eq. ( [4.1] ) or eq. ( f4.2[ ). These solutions typically have a zero for some finite value of 
r. We show that this leads to a curvature singularity. In fact, just by inspection of eq. ( [3.10 ) 
it seems that h(r) will diverge when a{r) = 0. The presence of curvature singularities can be 
investigated by studying the behavior of the curvature invariants R, R^ V R^ V and R^ tupcT R flUf " 7 . 
These typically involve the following terms, 



/A, h'-, h". 
a a 



hi — 

a 



(4.5) 



From (4.5) it appears that whenever h(r) and/or its derivatives diverge a curvature curvature 
singularity will appear. To illustrate how h(r) itself diverges where a(r) = 0, we consider a 
subset of solutions for which a{r) = — a(— r). We set l dS = 1 = l AdS to simplify the analysis. 
These solutions must have the property, 



lim air) 

r^0± 



a n r 



no sum, 



(4.6) 
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where n is an integer and clq = 0. Using eq. ( 3.10 ) we obtain 

lim h(r) 



r-»o± ' ' 1 — nd 
Finiteness of this expression requires that 

< n < 



kl _ r l-n(d- 



(d-2) + k2r 2n_ 



1 



d- 2' 



(4.7) 



(4.8) 



which is only satisfied for n = 1 and d = 3. We conclude that for d > 3 the function /i(r) 
always diverges when a{r) = 0. Next we consider how a' /a behaves when a(r) = 0. Using 



(4.6) we find 



a n 
hm — = — , 

r^o± a r 



(4.9) 



which clearly diverges. This divergence of a' /a is quite generic for all d so the curvature 
invariants for d = 3 will diverge as well. 

We showed that solutions with the property a(r) = 
—a(—r) generically develop a curvature singularity at 
r = 0. This also applies to more general solutions for 
which l dS ^ l A ds- in other words this statement is 
true for all solutions with boundary conditions of the 
form ( |4.1| ) or ( |4.2| ). We note for future reference that 
solutions of the form shown in figure |I] with bound- 
ary conditions ( |4.3| ) are perfectly well-behaved. This 
statement can be traced to the fact that a(r) does not 
have zeroes in this case. It is unfortunate that these 
functions are not solutions to the Einstein equations 
when the matter content of the theory respects the 
weak energy condition. 

The results of this section allows us to formulate 
the following simple theorem: 



6- 




4- 

a(r) 

2- 




■ ■ ■ _2 ■ y 


2 r 4 






-4 




-6- 





Figure 3: Example of a function a(r) 
with boundary conditions a{r — * — oo) = 
r/l dS and a(r — > +oo) = r/l AdS where we 
have set l dS ~ 1 = l AdS . This example 
has a" /a < everywhere. 



No go theorem for dS/AdS transitions: Einstein gravity coupled to matter 
obeying the weak energy condition has no solutions corresponding to a dynamical 
system evolving from an asymptotic region containing a de Sitter (anti-de Sitter) 
boundary to another region that includes an anti-de Sitter (de Sitter) boundary. 

Of course this possibly excludes spacetimes without 
boundaries and most certainly does not address space- 
times for which the evolution is quantum mechani- 
cally driven. For example, instanton solutions easily evade the no go theorem since they 
typically violate the energy conditions. 
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4.3 Regular solutions violating the energy conditions 

The weak energy condition proposes that all physical systems have p + p > 0. We found that 



solutions a(r) to eq. ( 3,14| ) with the boundary conditions (|2.9| ) and for which the weak energy 
condition is satisfied do not exist. We also found that if the weak energy condition is relaxed, 
regular solutions are easily obtained. For example, the solution illustrated on figure || does 
not lead to any curvature singularity. Given such a solution, h(r) can easily be obtained using 
eq. ( |3.10| ) which gives a full characterization of the dS/AdS spacetime. 

We therefore conclude that there exist regular dS/AdS solutions only when energy con- 
ditions are violated. Interesting examples of such spacetimes are found in theories containing 
scalar fields with a kinetic term of the wrong sign (</> — > i(f> in ( |3.1| )). In fact, the equation of 
motion (PD then becomes 

m'f, (4.io) 



a - = a 

a 



which, as shown above, does have regular solutions. The Type II* supergravity theories 
introduced in ref. [El ||] generically contain fields with kinetic terms of the wrong sign 1 . These 
theories are therefore natural laboratories where dS/AdS solutions might be investigated 
further. 



4.4 Asymptotically (A)dS geometries 



We generalize our analysis to include asymptotically 
dS (dS/dS) and asymptotically AdS (AdS/AdS) space- 



times. The metric ansatz (2.1) can be used to de- 
scribe asymptotically dS spacetimes when h(r) = —a 2 (r 

1 



ds z 



a 2 (r) 



dr 2 + a 2 (r)(dt 2 + dx 2 ) . (4.11) 



Using a change of coordinates of the form 

dr 2 /a 2 (r) = dp 2 
takes the metric to a more familiar expression, i.e., 
ds 2 = -dp 2 + a 2 {p) (dt 2 + (fx 2 ) 




(4.12) Figure 4: Example of a function a(r) 
with boundary conditions a(r — > — oo) = 
—r/l d3 and a(r — > +oo) = r/l AdS where 

(4 13) we nave se t hs = 1 = Iacls- This curve 
has a" I a > for all values of r. 
which corresponds to a foliation with flat constant p spacelike slices. Similarly, metrics suitable 
for the study of AdS/AdS spacetimes are obtained by setting h(r) = a 2 (r) in (2.1) which leads 
to 



ds 2 



1 



a 2 (r) 



dr 2 + a 2 (r) (-dt 2 + dx 2 ) 



(4.14) 



Using the change of coordinates ( |4,12| ) this metric becomes 

ds 2 = dp 2 + a 2 (p) (-dt 2 + dx 2 ) 



(4.15) 

1 See, for example, ref. |Io) where the Type lib* theory is used to construct elliptic dS space and find its 
SO(7V) Euclidean super Yang-Mills holographic dual. 
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which corresponds to a foliation with flat Lorentzian slices. When considering metric ansatz 
( [4.11| ) and ( 4.14 ), the boundary conditions corresponding to asymptotically (A)dS geometries 



are 

r 2 

lim a 2 (r) = -= . (4.16) 

r ^ ±oc l {A)dS 

This last condition is equivalent to requiring that there are two (A)dS boundaries in the 
spacetime. 

The boundary conditions (|4.16[) are the same as those used for dS/AdS spacetimes. The 
analysis we performed in section ^| can therefore easily be extended to (A)dS/(A)dS geome- 
tries. In fact, a certain combination of the Einstein equations again leads to the constraint 

a» _ p + p 

a (d-2)' { 1 

where the weak energy condition dictates that p + p > 0. We have shown in section || 
that there are no regular solutions a(r) with boundary conditions fl4,16| ) respecting the weak 
energy condition. The only exception in this case is a(r) = r 2 which corresponds to pure 
(A)dS space. We comment on that special case at the end of this section. Our result for 
(A)dS/(A)dS spacetimes does not imply that such geometries do not exist. The correct 
statement is that there are no (A)dS/(A)dS spacetimes for which two boundaries can be seen 
when the metric ansatz assumes a foliation by flat {d — l)-dimensional hyper surf aces. 



A generating technique for AdS/AdS spacetimes was introduced in ref. [11] and general- 
ized to dS / dS geometries in ref. |TI| . We now show that solutions such as those typically only 
include one boundary which means that our metric ansatz ( [2.1| ) with boundary conditions 
( |2.9[) excludes them. For metrics of the form ( 4.13 ) and ( 4.15|) one of the Friedmann equations 
can be written like, 

(Ina) = -£±|, (4.18) 

where a 'dot' signifies a derivative with respect to the variable p. The only type of function 
which solves this equation is In a of the form represented on figure |3[ This corresponds to a 
scale factor with the boundary conditions, 

lim a(p) = e pll U)ds^ ii m a (p) = e p,l \ A ) dS , (4.19) 

p— >+oo p— >— oo 

where the upper indices i and / respectively label the length scales as r — > — oo and r — > 
+oo. Therefore we find that the scale factor vanishes for r = — oo which means that this 
region corresponds to an horizon, not a boundary. These solutions are regular (no curvature 
singularity) asymptotically (A)dS spacetimes. It is easy to demonstrate that these spacetimes 
cannot be written in the form ( [4,11| ) and ( [4.14 ). Using the appropriate change of coordinates 
we get, 

r(p) =r(0)+ I a(p')dp', (4.20) 
J o 
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but since a(p — > — oo) = we see that the domain of r is limited to positive values while 
the metric ansatz ( |4.11| ) and ( [4.14 ), in order to include two boundaries, had to be such that 



— oo < r < +00. 

A global metric for pure dS space: We have indicated previously that the metric 

-^dr 2 + r -^(dt 2 +dx 2 ), (4.21) 

corresponds to a solution to the Einstein equations with a cosmological constant, 

, (d-l)(d-2) fA , 

A=^ A 1. (4.22) 

This solution corresponds to a foliation of dS space with flat constant r hypersurfaces. 
Eq. ([4.21 ) for dS is global in the sense that it covers the whole spacetime. This can be 



seen by using the change of coordinates r = ±/e ±r// '. The original metric then becomes 

ds 2 = - idr 2 + e ±2T l l (dt 2 + dx 2 ) , (4.23) 



where —00 < r < +00. Expressions fl4.23j ) represent the two inflationary patches of dS 
space. The Big Bang patch (containing the boundary I + and corresponding to the plus sign 
in ( 4.23] )) is covered by the system of coordinates ( [4.21 ) for — 00 < r < 0. The Big Crunch 



patch of dS (containing the boundary I~ and corresponding to the minus sign in ( |4.23j )) is 
covered by ( |4.21[) when < r < +00. Therefore the coordinate system ( [4.21| ) for pure dS 
covers the whole spacetime with flat (d — l)-dimensional hypersurfaces. 

5. Discussion 

We used Einstein gravity coupled to general matter fields in order to prove that when the 
weak energy condition is respected there cannot be non-singular solutions which extrapolate 
between an asymptotically de Sitter region containing a boundary and an asymptotically 
anti-de Sitter region containing a boundary. This result is quite generic. For example, there 
is no dS/AdS solutions in any of the conventional supergravity theories. Exceptions might 
appear when one considers sources in the form of such stringy objects as orientifold planes and 
negative tension branes which typically violate the weak energy condition (see, for example, 

@)- 

We conclude this presentation by discussing ideas from both the AdS/CFT and the 
dS / CFT in order to initiate a discussion as to how dS / AdS spacetimes might be interpreted 
in the context of gauge/gravity dualities. In the AdS/CFT correspondence, quantum gravity 
in pure AdS space is conjectured to be dual to a conformal field theory in one less dimension 
that can be regarded as being defined on the boundary of the bulk spacetime. For AdS in 
Poincare coordinates, 

ds 2 = dr 2 + e 2r ' lAdS (-dt 2 + dx 2 ) , (5.1) 



- 10 - 



the boundary is located at r = +00. The dS/CFT correspondence analogously proposes 
that quantum gravity in dS space has a Euclidean conformal field theory dual defined on its 
boundary (ies). When formulated using inflationary coordinates, 

ds 2 = -dr 2 + e - 2r/ldS (dr 2 + dx 2 ) , (5.2) 

the spacelike boundary of dS space, I~, is located at r = — 00. In this paper we investigated 



solutions interpolating between asymptotic regions of the form eq. (5.1) and (|5.2| ) and their 
r — > — r counterparts. 

A more general formulation of the AdS/CFT and the dS/CFT dualities considers an 
equivalence between asymptotically (A)dS spacetimes and non-conformal field theories. In the 
context of the AdS/CFT correspondence, this leads to the so-called UV/IR correspondence fi"4|, 
|Hj| 1 stating that asymptotic regions (near the boundary) of AdS space are associated with 
short distance (UV) physics in the field theory dual while regions deeper in the AdS are 
related to long distance (IR) physics. It is then natural to associate evolution along the r- 
coordinate with a field theory renormalization group (RG) flow. An interesting result then 



is the derivation of a gravitational c-theorem|I£]. The corresponding c-function is a local 



geometric quantity which gives a measure of the number of degrees of freedom relevant for 
physics in the dual field theory at different energy scales. Requiring gravitational energy 
conditions to be satisfied indicates that this c-function must decrease in evolving from the 
UV toward the IR regions, as expected. Ideas along the same lines can be used in the 
context of the dS/CFT correspondence. Again demanding energy conditions to hold leads to 
a gravitational c-theorem for asymptotically dS spacetimes [||, || [T3]. The latter states that the 
c-function must decrease (increase) in a period of contraction (expansion). For example, when 
considering spacetimes with both asymptotia (at r = ±00) of the form (5.2), the boundary 



I~ corresponds to the UV while the horizon at r = +00 is interpreted as an IR limit of the 
field theory. 

Let us begin by considering spacetimes with two boundaries located at r = ±00. These 
spacetimes could be (A)dS/(A)dS or the mixed geometries dS/AdS introduced in this paper. 



Following ref. [I2| we define an effective cosmological constant 

A e // = -G^n'W, (5.3) 



where is unit vector normal to the constant r hypersurfaces. Expression ( |5.3| ) in fact 
reduces to eqs. ( |2.7| ) and ( |2.3[ ) when evaluated respectively for the spacetimes ( jO| ) and (5.2). 
A reasonable definition for the c-function is 

' ' ^ G^nT {d ~ 2)/2 - (5.4) 



Of course, introducing a gravitational c-function is relevant only if the gravitational back- 
ground under consideration has a field theory dual. In the case of spacetimes interpolating 
between regions with dS and AdS boundaries, it would be interesting to find out what kind of 
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field theory, if any, could be the dual. While we cannot address this question to a satisfactory 
level at this point, one thing we can do is describe roughly the rather strange field theory 
RG flow such a peculiar gravitational background would be dual to. The existence of such a 
mixed (dS/AdS)/CFT correspondence would imply that the bulk coordinate which is recon- 
structed by the field theory RG flow is timelike in the region containing the dS boundary and 
spacelike in the region containing the AdS boundary. Let us for the moment assume that the 
weak energy condition, which was used in deriving the c-theorems associated to AdS/CFT 
and dS/CFT correspondences, holds everywhere in the corresponding gravitational dual. We 
would then expect the following to hold: The boundary at r = +00 (AdS) corresponds to 
physics in the conformal UV limit of the field theory. The weak energy condition being sat- 
isfied for r > 0, we expect that translations along decreasing r, i.e., moving deeper inside of 
the spacetime, corresponds to flowing toward an IR region close to r = 0. Past the horizon, 
the variable r becomes timelike which means that the RG flow should now describe a limit 
of the field theory which is Euclidean. Since the weak energy condition is still assumed to 
hold for r < 0, the c-theorem guarentees that evolving toward increasingly negative values 
of r corresponds to 'integrating in' degrees of freedom, i.e., moving toward another UV fixed 
point, this time defined on the spacelike boundary I~. Since both these UV fixed points 
appear to be flowing toward the same IR limit, it would be tempting to postulate a new self- 
duality for the field theory. The latter would be a rather strange duality between a Lorentzian 
and a Euclidean limit of the same field theory. In this paper we found evidence that such 
spacetimes do not exist. We have found that dS/AdS gravitational backgrounds can exist 
only when energy conditions are violated in which case the c-theorems are not valid anymore. 
Because they contain fields with kinetic terms of the wrong sign, the type II* theories may 
be a good place where dS/AdS geometries and consequently their field theory dual can be 
studied. 
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A. Energy conditions and equation of state for scalars 

In this appendix we comment on the energy conditions and the equation of state associated 
with a real scalar field in a gravitational background of the form fl2.1|) . The stress-energy 
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tensor components for a real scalar field are 

(d-l)(d-2) 
2 

ml m X (d-l)(d-2) 



-h0 2 + 7(0) 



/i0 2 + 7(0) 



(A.l) 



(A.2) 



For r > 0, i.e., in the region containing the AdS boundary, the components of the stress- 
energy tensor are 

i,i - i \t,l - o\ - n 

(A.3) 



P 



Pi 



(d- l)(d-2) 



rpx 

X 



and 



Pr 



(d-l)(d-2) 



(d-l)(d-2) 



2 + 7(0) 
-h<j)' 2 + 7(0) 



(A.4) 



(A.5) 



where p is the conserved energy density associated with the Killing direction t and p r , p x 
are the principal pressures respectively along the directions r and x a . For r > we have an 
anisotropic fluid since p r ^ p x . There are two equations of state: 



and 



Pr h<f> 2 - V((j)) 



(A.6) 



(A.7) 



p hcj)' 2 + 7(0) ' 

Pure AdS and dS space have p/p = —1 where p represents all principal pressures. In our case, 
the quantity hcj) 2 + V((j)) is conserved but not hep 2 — V{4>) which means that their ratio p r /p 
depends on the variable r. In order to have an asymptotic r — * +oo region corresponding to 
AdS we must therefore have 

hcj)' 2 



lim 



0. 



r— >+oo V((j)) 

In the region containing the dS boundary (r < 0) we have 

_ ^ r (d-l)(d-2) 



h<j> 2 + V{(j)) 



P = Pt=Px 



n 



(d-l)(d-2) 



/i0 2 + 7(0) 



(A.8) 

(A.9) 
(A.10) 

(A.ll) 



which corresponds to the equation of state 

p _ h^ 2 + V((j)) 
~p ~ hjP - 7(0) ' 

which again goes to p/p = —1 for large negative r when eq. (A.8) is satisfied. We note that 
for r < the energy density p is not conserved since there is no Killing vector associated with 
the direction r. This is of course expected for a time dependent background. 
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For r < we have 

P + Px = 0, (A.12) 

and p + Pr = (d— l)(d — 2)h(r)4> 2 . Since h(r) > for r > we have p + p > in that region. 
Now for r < we find 

p + p= -(d- l)(d- 2)h(f>' 2 , (A.13) 

which is such that p + p > since h(r) < for r < 0. It is therefore easy to see that scalar 
fields do not violate any of the energy conditions. 
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